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Abstract 

Clustered survival data frequently exhibit unobserved heterogeneity that violates the 

independence assumption underlying conventional proportional hazards models, resulting in 

inefficient estimation and potentially misleading inference. This study develops a shared 

Gamma frailty model based on the Odd Rayleigh–Exponential Distribution (OR-ED) to 

accommodate latent cluster-level dependence in time-to-event data. The proposed framework 

extends the OR-ED to a proportional hazards frailty setting by deriving closed-form 

expressions for the marginal joint survival function and marginal likelihood through the 

Laplace transform of the Gamma frailty distribution. The corresponding score equations were 

derived, and model parameters were estimated using the maximum likelihood estimation 

method. The proposed model is assessed through Monte Carlo simulation experiments under 

varying cluster sizes and censoring levels and is compared with the corresponding OR-ED 

model that ignores frailty. The simulation results demonstrate that incorporating shared frailty 

substantially improves parameter estimation, produces hazard functions that closely follow 

the underlying data-generating mechanism, and provides more reliable inference than the no-

frailty counterpart when unobserved heterogeneity is present. Graphical diagnostics further 

support the adequacy of the Gamma frailty assumption in representing latent cluster effects. 

Overall, the proposed OR-ED shared Gamma frailty model provides a tractable and flexible 

framework for analysing clustered survival data and offers an effective alternative for 

applications involving correlated failure times and unobserved heterogeneity. 

Keywords: Clustered dataset; correlated event times; Laplace transform; proportional 

hazards; shared frailty; survival model; unobserved heterogeneity. 
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1. Introduction 

Classical survival models generally assume that event times are independent. In practice, 

however, individuals within the same family, household, community, or other naturally 

occurring cluster often share genetic, environmental, or behavioural characteristics that 

induce dependence among their survival times. Such intra-cluster correlation violates the 

independence assumption of standard survival models, making them unsuitable for clustered 

time-to-event data. As noted by Mbona et al. (2023), these data are more appropriately 

analysed using multivariate survival models, particularly shared frailty models.  

Frailty models extend conventional survival regression by incorporating an unobserved 

multiplicative random effect into the hazard function to account for unmeasured 

heterogeneity among individuals or clusters. This latent frailty is typically assumed to have a 

unit mean and finite variance, with larger frailty values corresponding to higher failure risk. 

By capturing unobserved risk factors, frailty models provide a flexible framework for 

analysing correlated survival data.  

Time-to-event analysis examines the duration from a defined starting point to the 

occurrence of an event of interest (Mbona et al., 2023). A widely used approach is the 

proportional hazards (PH) model of Cox (1972), which assumes constant hazard ratios over 

time. In the frailty approach, multivariate survival data consist of correlated observations 

within the same individual or cluster (Arnheim, 2014), analogous to the clustered structure 

encountered in linear mixed-effects models.  

Frailty modelling is motivated by the practical difficulty of measuring all factors 

influencing disease progression or failure risk (Pickles & Crouchley, 1995; Gutierrez, 2002; 

Gorfine & Hsu, 2011; Hazarika & Mahanta, 2016; Mahanta & Hazarika, 2018). It extends 

conventional survival models by introducing a multiplicative random effect into the baseline 

hazard to account for unobserved heterogeneity, and is therefore often regarded as a random-

effects survival model. Among its forms, the PH frailty model is the most widely studied and 

applied because it provides a theoretically sound method for analysing dependent survival 

data when observed covariates alone are insufficient.  

Frailty models have become fundamental in multivariate survival analysis (Pickles & 

Crouch-ley, 1995; Gutierrez, 2002; Wienke et al., 2005; Govindarajulu et al., 2011; Gorfine 

& Hsu, 2011; Hazarika & Mahanta, 2016; Mahanta & Hazarika, 2018; Balan & Putter, 2020). 

The Gamma frailty model is particularly popular due to its compatibility with the PH 

approach and the availability of closed-form survival and hazard functions through the 

Laplace transform, which links conditional and marginal survival quantities (Balan & Putter, 

2020). Shared frailty induces positive dependence among clustered observations, while 

ignoring it may lead to biased estimation and misleading inference (Abdulkarimova, 2013).  

Survival analysis models time-to-event outcomes using survival or hazard functions as 

the primary response (Govindarajulu et al., 2011). Although the Cox PH model is widely 

used because of its flexibility, it assumes that all relevant heterogeneity is explained by 

observed covariates. Frailty models relax this assumption by incorporating latent random 

effects, thereby extending conventional survival models to clustered and multivariate settings. 

As noted by Gutierrez (2002), frailty models are analogous to random-effects regression 

models but specifically designed for time-to-event data.  
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Several methodological developments have strengthened frailty modelling. Gorfine and 

Hsu (2011) proposed frailty-based competing risk models for clustered survival data with 

parametric and semi-parametric MLE, demonstrating good performance through simulation. 

Ripatti and Palmgren (2000) developed a multiplicative frailty model with multivariate 

lognormal frailties using Laplace approximations and penalised partial likelihood, whereas 

Stefanescu and Turnbull (2006) highlighted the computational challenges of MLE for 

multivariate lognormal frailty models, particularly with varying cluster sizes.  

Recent studies have broadened the range of frailty distributions. Yslas (2025) proposed 

phase-type frailty models for univariate and multivariate survival data, preserving analytical 

tractability through closed-form expressions and EM-based estimation. Likewise, Liyanage 

and Karunarathna (2022) developed a joint frailty model for two correlated survival 

outcomes, reporting improved bias, coverage probability, and mean squared error over 

univariate PH models, with Gamma frailty performing best under exponential survival and 

Normal frailty under Weibull survival.  

Gallardo et al. (2025) further introduced a multivariate shared frailty model based on the 

truncated normal distribution with parametric and non-parametric baseline hazards. Using 

closed-form Laplace transforms and EM estimation, the model demonstrated consistent 

parameter estimation and superior performance on medical datasets.  

Motivated by these developments, this study proposes a shared Gamma frailty model 

based on the OR-ED of Ode et al. (2025). By combining the flexibility of the OR-ED with 

the analytical advantages of Gamma frailty, the proposed model extends existing frailty 

methodologies beyond traditional baseline distributions and contributes to the growing 

literature on multivariate survival modelling. It also provides a practical alternative to the 

estimation challenges reported by Stefanescu and Turnbull (2006) for multivariate lognormal 

frailty models. 

2. Materials and Methods 

2.1. Odd Rayleigh-Exponential Distribution 

The CDF and PDF of the OR-ED are respectively expressed as: 

 
2

2

( 1)
( ; , ) 1 exp

2

xe
F x



 


 
   

 
  (1) 

 
2

2 2

( 1)
( ; , ) ( 1)( ) exp

2

x
x x e

f x e e


 
 

 

 
   

 
  (2) 

The hazard, cumulative hazard, and survival functions are given, respectively, as 

follows: 
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where λ > 0, θ > 0 are scale parameters, and 0 < x < ∞. 

2.2. Proportional Hazards (PH) Frailty Model 

The OR-ED falls within the PH class and admits closed-form expressions for its 

survival and hazard functions, a property that facilitates its extension to multivariate survival 

settings. Following Gutierrez (2002), a distribution belongs to the PH family if its hazard 

function can be expressed as: 

   

 0 0( | ) ( )h x Z Zh x   (6) 

with the corresponding cumulative hazard 

 
0 0

0

( ) ( )

x

H x h s ds    (7) 

and conditional survival for an individual, given frailty, Z 

 0( | ) exp( ( ))S x Z ZH x    (8) 

Here, h0(x) denotes the baseline hazard, H0(x) is the baseline cumulative hazard, x 

represents time-to-event, and Z is a multiplicative frailty term (typically Gamma-distributed) 

that captures unobserved heterogeneity at the individual or cluster level by scaling the hazard 

upward or downward relative to observed covariates. 

The hazard function is fundamental to survival analysis, describing the instantaneous 

risk of failure. In practice, unobserved heterogeneity often causes individuals with similar 

covariates to experience different risk levels, motivating the inclusion of frailty (random 

effects) in survival models. 

The conditional survival function corresponds to an individual with a frailty value of Z 

= 1. For a heterogeneous population, inference is based on the marginal survival function, 

obtained by integrating the conditional survival over the frailty distribution: 

 ( ) [exp( ( ))]S x E ZH x    (9) 

This marginal survival has a population-averaged interpretation and may be viewed as a 

weighted combination of individual survival curves. The associated marginal hazard function 

is derived as: 
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 ( ) [ log ( )]
d

h x S x
dx

    (10) 

2.3. The Laplace Transform of Frailty Distributions 

The Laplace transform serves as an important tool for connecting conditional hazard 

functions to their corresponding marginal hazards and survival functions. For a non-negative 

random variable Z, the Laplace transform is defined as: 

 
0
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ZL s e f z dz



    (11) 

where f(z) denotes the PDF of Z, and s is a non-negative real number. 

2.4. OR-ED Shared Frailty Model 

In a shared frailty approach, individuals belonging to the same cluster are assumed to be 

influenced by a common latent frailty component. Let cluster k contain n individuals with 

survival times (xk1, …, xkn). For the ith individual in cluster k, let xki denote the vector of 

observed covariates, and β the corresponding regression coefficients. Introducing the linear 

predictor     and the associated covariate effect exp(   ), along with a cluster-specific 

frailty term Zk, the conditional hazard function given Zk = z is expressed as 

 
0 (( ) )| ) (ki k i kiexh x Z zh pz x   Tx   (12) 

where h0i(x) represents the OR-ED baseline hazard with parameters (λi, θi), and z > 0 is a 

shared multiplicative effect capturing unobserved heterogeneity within cluster k. 

The corresponding cumulative conditional hazard function is given as 

 
0 (( ) )| ) (ki k i kiexH x Z zH pz x   Tx   (13) 

where H0i(x) denotes the OR-ED baseline hazard. 

Equations (12 & 13) conform to the multiplicative structure of the PH model. 

Conditional on the shared frailty Zk, individual survival times within a cluster are assumed 

independent. Unlike univariate survival data, clustered survival data consist of independent 

clusters containing correlated observations that share a common frailty. In Equation (12), the 

regression component captures observed heterogeneity, while the frailty term Zk accounts for 

unobserved risk factors affecting survival. 

2.4.1. Conditional and marginal joint survival 

Under the assumption that survival times within a cluster are conditionally independent 

given the shared frailty Zk, the conditional joint survival function for cluster k is obtained as 

the product of the individual conditional survival functions: 

 1,...,
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Let the cumulative hazard for cluster k be defined by: 
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Under this definition, the joint conditional survival in equation (15) can be rewritten as: 

 ( | ) exp( )k k kS x z zW    (17) 

The marginal joint survival is derived by integrating the conditional survival over the 

frailty distribution, as shown: 
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Assume that the frailty term follows a Gamma distribution with shape and rate 

parameters both equal to α, ensuring a unit mean E(Zk) = 1, and Var (Zk) =   ⁄ . The PDF of 

the Gamma frailty is given as: 
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Substituting Equation (19) into Equation (18) yields: 
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which simplifies to: 
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Evaluation of this integral lies on the standard Gamma integral identity: 
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By setting v = α, and μ = α + Wk, the expression reduces to: 
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and equivalently: 
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Consequently, the marginal joint survival function under the Gamma frailty model is 

obtained in closed form as: 
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This result follows directly from integrating out the frailty term using the Gamma 

integral identity, yielding a tractable expression for clustered survival data. 

 

2.4.2. Conditional and marginal cluster likelihood with right-censoring 

Let δki denote the event indicator for the ith individual in cluster k, where δki = 1 if the 

event of interest is observed and δki = 0 if the observation is right-censored. Conditional on a 

given frailty value Z = z, the likelihood contribution of individual i in cluster k can be written 

as 
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Aggregating across all individuals within cluster k, the conditional likelihood of the 

cluster, given Z = z, is obtained as: 
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To eliminate the frailty term z, the conditional likelihood is integrated with respect to 

the Gamma density defined in Equation (19). Let 
1

n
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i
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  represent the total number of 

observed events in cluster k, and recall the cluster-specific cumulative hazard defined in 

Equation (16). The resulting marginal likelihood for cluster k is therefore expressed as: 
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Evaluation of this expression relies on the standard Gamma integral identity 
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Applying this identity with parameters kv d   and kW    yields:  
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Hence, the marginal likelihood contribution of cluster k takes the closed-form 

expression: 
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The likelihood for the entire sample is obtained by multiplying the marginal likelihoods 

for all clusters. Consequently, the associated log-likelihood function, used for estimating the 

marginal parameters via MLE, is: 
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2.5. MLE of the OR-ED Shared Gamma Frailty Model 

To obtain the score equation for the regression parameter vector β, define the following 

quantities: 

ki  = event indicator, kix  = observed time, k ki

i
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Under these definitions, the score contribution corresponding to cluster k can be 

expressed as: 
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Aggregating the cluster-specific contributions over all clusters leads to the estimating 

equation: 
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In these expressions, the symbol “ ” denotes the Hadamard (elementwise) product, 

rather than the standard matrix multiplication. The expression ( ) β
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 captures the frailty-adjusted expected covariate contribution over 

the risk set. In clustered survival modelling, individual likelihood contributions are typically 

represented as vectors to maintain consistency across cluster-level calculations. 

The log-likelihood function differentiated with respect to the frailty parameter α is given 

as: 
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where ψ(.) denotes the digamma function, arising from differentiating the logarithm of the 

Gamma function. 

Estimation of the baseline parameters λ and θ, both scalars, proceeds similarly. 
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Closed-form solutions for these estimating equations are generally intractable, and all 

likelihood equations are inherently non-linear. Consequently, parameter estimation is 

implemented using numerical optimisation techniques to maximise the log-likelihood 

function. 

3. Results and Discussions 

3.1. Validity Plots of Frailty vs. No-Frailty 



 
Journal of Statistical Sciences & Data Analytics (JOSSDA) 

Volume 1, Issue 2, December 2026  |  Print ISSN XXXX-XXXX  |  Online ISSN XXXX-XXXX 

Ode et al. 2026                                                                                                                 DOI: 10.XXXXX/jossda.2026.1.1.004 

52 

 

Figure 1. Baseline hazard     Figure 2. Cumulative baseline hazard 

 

Figures 1 and 2 compare the true OR-ED baseline and cumulative hazard functions with 

estimates from the no-frailty and shared Gamma frailty models. The shared frailty model 

closely reproduces the true curves, whereas the no-frailty model consistently underestimates 

both functions by ignoring between-cluster heterogeneity. This demonstrates the ability of the 

proposed frailty model to capture latent cluster-level variability and reduce estimation bias. 

     

Figure 3. Baseline hazard ratio   Figure 4. Posterior mean of frailty distribution 

 

Figure 3 shows that the hazard ratio between the shared frailty and no-frailty models 

increases over time, indicating that ignoring frailty leads to progressively greater 

underestimation of risk. Figure 4, on the other hand, demonstrates that the estimated cluster-

specific frailties closely follow the assumed Gamma distribution, providing graphical 

evidence that the shared Gamma frailty model adequately captures latent heterogeneity across 

clusters. 

 

3.2. Simulation Results on the OR-ED Shared Gamma Frailty Model 
 

Table 1 reports simulation results based on 120 clusters with four individuals per 

cluster (480 observations) under a censoring rate of 15%, meaning that 15% of individuals 

did not experience the event or were lost to follow-up. The true parameter values used in the 

simulation, including a frailty variance of 0.50, are shown in the second column, while 

standard errors (SE), z-statistics, p-values, and 95% confidence intervals (CIs) are presented 

for the shared Gamma frailty model. Blank entries indicate parameters not defined for a given 

model. When frailty is ignored, the OR-ED yields remarkably biased parameter estimates, 

reflecting that failure to account for cluster-level heterogeneity distorts baseline parameters 

and compromises inference. In contrast, the shared Gamma frailty model closely recovers the 
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true values, with small SEs and highly significant p-values (< 0.001). Although the frailty 

variance (0.582) is slightly overestimated, this does not affect the results and still confirms 

the presence of unobserved heterogeneity. 

Table 1. Frailty-based simulation results on the OR-ED for 120 clusters 
Parameter True Value OR-ED (No 

Frailty) 

Estimate 

OR-ED (Shared 

Frailty) Estimate 

(SE) 

Z p-value 95% CI 

λ 0.90 0.2256 1.0059 (0.1133) 8.879 < 0.001 0.7838, 1.2279 

θ 1.10 0.2050 1.2977 (0.1965) 6.605 < 0.001 0.9126, 1.6829 

α 2.00 - 1.7179 (0.1973) 8.707 < 0.001 1.3312, 2.1046 

β1 0.60 0.4230 0.5581 (0.0673) 8.298 < 0.001 0.4269, 0.6892 

β2 -0.40 -0.3672 -0.3889 (0.1157) -3.363 < 0.001 -0.6166, -0.1613 

β3 0.80 0.6265 0.9157 (0.2173) 4.214 < 0.001 0.4898, 1.3416 

1/α 0.50 - 0.5820 - - 0.5942, 1.2758 

 

 

Similarly, Table 2 presents a second Monte Carlo experiment with 200 clusters of eight 

individuals each and a higher censoring rate of 20%. The no-frailty model again exhibits 

substantial bias, particularly for the baseline parameters, whereas the shared frailty model 

achieves excellent parameter recovery. Ignoring frailty forces the model to compensate by 

shrinking the hazard scale, leading to unreliable estimates. Regression coefficients are 

generally better recovered under the frailty specification, while the frailty parameter itself 

shows good recovery, with narrow CIs and strong statistical significance (p < 0.001). 

Table 2. Frailty-based simulation output on the OR-ED for 200 clusters 
Parameter True Value OR-ED (No 

Frailty) 

Estimate 

OR-ED (Shared 

Frailty) Estimate 

(SE) 

Z p-value 95% CI 

λ 1.3 0.5685 1.3594 (0.1149) 11.83 < 0.001 1.134, 1.585 

θ 0.6 0.2467 0.6752 (0.0843) 8.01 < 0.001 0.510, 0.840 

α 3.2 - 3.7145 (0.5737) 6.48 < 0.001 2.590, 4.839 

β1 0.4 0.4138 0.5025 (0.0307) 16.38 < 0.001 0.442, 0.563 

β2 -0.7 -0.5482 -0.6908 (0.0606) -11.39 < 0.001 -0.810, -0.572 

β3 1.4 1.3647 1.6109 (0.1084) 14.86 < 0.001 1.398, 1.824 

1/α 0.3125 - 0.2692 - - 0.206, 0.386 

 

From these results, it is evident that neglecting frailty in clustered datasets leads to 

underestimated baseline hazard parameters and false precision. Incorporating a shared 

Gamma frailty component restores unbiasedness, yields interpretable covariate effects, and 

accurately captures between-cluster heterogeneity, thereby ensuring valid statistical 

inference. 

 

4. Conclusion 

This study proposed and developed a shared Gamma frailty survival model based on the 

OR-ED, extending its applicability to clustered time-to-event data. By incorporating the OR-

ED in the PH frailty approach, closed-form expressions for the marginal survival and 

likelihood functions were obtained, enabling likelihood-based inference. Simulation results 
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succinctly showed that ignoring frailty in the presence of clustering leads to considerable bias 

in baseline hazard parameters, distorted hazard shapes, and unreliable covariate effects. In 

contrast, the shared Gamma frailty model consistently recovered the true parameter values, 

with small SEs and significant p-values. Graphical diagnostics further confirmed that the 

frailty model accurately captures latent cluster-level heterogeneity and corrects the downward 

bias observed in no-frailty models. Generally, the proposed OR-ED shared frailty model 

provides a tractable and statistically robust tool for analysing clustered survival data, offering 

valid inference where conventional models fail. 
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